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The t e m p e r a t u r e  dis tr ibut ion of a hea t - l ibe ra t ing  wall of a c i r c u l a r  tube, in which a P o i s -  
seui l le  gas f lows, is obtained. The influence of nonequi l ibr ium excitat ion and re laxa t ion  of 
the vibrat ional  degrees  of f r eedom of the diatomic gas on the wall t e m p e r a t u r e  is taken into 
account.  

When invest igat ing h i g h - t e m p e r a t u r e  heat  exchangers  it is of in te res t  to examine the influence on the 
t e m p e r a t u r e  distr ibution in the gas s t r e a m  and on the walls  of t he rma l  excitation and re laxa t ion  of the v i -  
bra t ional  degrees  of f r eedom of diatomic gas molecu les  in f rozen  dissocia t ion.  

The re  a r e  seve ra l  paper s  in the l i t e r a t u r e ,  f o r  example ,  [1-6], studying the influence on the gas  t e m -  
p e r a t u r e  of excitation of the vibrat ional  degrees  of f r e edom of molecu les  in gas s t r e a m s  flowing over  a plate  
or  an a x i s y m m e t r i c  body nea r  the stagnation point, and also studies of the re laxa t ion  in shockwaves .  

However ,  the heat  exchange for  the in ternal  flow of a re laxing gas has  been invest igated l e s s .  The 
hydrodynamica l ly  developed l a m i n a r  flow in a tube is cons idered  h e r e ,  which in the  ca se  00 = ( T s - T 0 ) / T 0  
_ 0.25 and T o <_ T ~ T s can be descr ibed  by the equations of vibrat ional  energy  t r a n s f e r ,  heat  conduction, 
and d issoc ia ted  atom diffusion [4]: 

Oe_.e_= D~ ( 0~8 1 0 e )  "e--e 
U ox \Or ~ +-'r  ~-r + '  "% + wh_~, (1) 

a~ ( a,~ + •  ac ) 
p u ~ = o D 1 2  - -  + (3) Or 2 r ~ OVdA ' 

where  Wk_ d = Gwrm~2-EWdm~I;  c is the concentra t ion of a toms ,  p is the density,  m 2 is the m a s s  of the 
molecu le .  The r a t e  of production of the d issocia ted  a toms is given by 

WA=4k r - ~  ( l - - c ) - -  l + c  ~(Wd--Wr) P-l" 

" 1 The express ion  for  the r a t e  of production of the vibrat ional  energy ( e - e ) T  v is of a genera l  c h a r a c t e r ,  in-  
dependent of the kind of molecu les ,  the gas composi t ion,  and the excitat ion of the d ive r se  osc i l la tor  l eve l s  
[1]. Fur the r  notation in (1)-(3): e is the vibrat ional  energy  of unit volume;  ~ is the equi l ibr ium vibrat ional  
energy ,  ~ = Nh '~(exp  0 / T - l )  -1 = p(R/g)O (exp 0 / T - l )  -1. The cha rac t e r i s t i c  t e m p e r a t u r e  0 = h ' ~ / k ,  h 'w is 
the energy  of a vibrat ional  quantum t rans i t ion  f r o m  one level  to the next .  We have  [6]: 0 = 2240~ for  02, 
3354~ for  N2, 5910~ fo r  H 2, 810~ for  C12, 4830~ for  D2. H e r e  h ' ,  k a r e  the Planek and Bol tzmana  con-  

s tan ts .  

I t  is convenient  to use  the following s e m i e m p i r i c a l  f o r m u l a  [6] fo r  the re laxa t ion  t ime  

lg Pc 

F o r  example ,  for  a n u m b e r  of gases  ~-~ is equal to (gsec .arm):  C12-0.265, 02 -3 .95 ,  N2-18 ,  D2-0.128 [61, 
and for  these  gases  a T  = 3.211. Fo r  hydrogen [8] @ = 1 .0 .10  -~ see . a tm,  a T  = 2.40. 
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Estimates show that the term Wk_ d for the interaction between dissociation and vibrational relaxation 
can be neglected for weak dissociation (c _< 0.I). 

= 0 .  

w h e r e  

L e t  us  c o n s i d e r  a f low f rozen  with r e s p e c t  to d i s soc ia t ion  in a tube with nonca ta ly t ic  wal ls  Wk_ d = w A 

Hence ,  us ing d i m e n s i o n l e s s  va r i ab l e s  we deduce  f r o m  (1)-(3) 

Le_,( 1 ~=)de _ d2e + 1 . O e ' + % ( e _ e ) ,  
& O~ ~ ~ d~ 

(1-- ~) ~ -  - -  e0 (1--2~ 2) --  ~ ~ ~ -  + Le,~ (~-- e), 

(5) 

(6) 

D~2 is the coef f ic ien t  of m o l e c u l a r  se l f -d i f fus ion  fo r  T = T o and P = 1 arm,  ~ r  = 2"302aT 

In the t e m p e r a ~ r e  r a n g e  under  cons ide ra t i on  T o < T < T s (0 < ~ < 1), as  computa t ions  show, an a p -  
proximation 

*h (e - -  e) ,'-, % (a + bl5 - -  e) (8) 

can  be  in t roduced  to  the  a c c u r a c y  of s e v e r a l  p e r c e n t .  Hence  ~0 ~ 1)2, and the coef f ic ien ts  a,  b I a r e  indepen-  
dent of the  p r e s s u r e .  Subst i tut ing (8) into (5) and (6), and c o n s i d e r i n g  the c a s e  Le  = 1, le t  us deduce  the 
ini t ial  s y s t e m  

(9) 

00)  

de_e= 1 de d2e 
( 1 - -  ~2) d~ ~ - "  aT + 0 ~  + *o (a + bl~ - -  e), 

Off 1 dt~ dU~ 
( 1 - -  ~z) ~-  - -  s o ( 1--2~ 2) . . . .  ~ d~ + - ~  + *o (a + O,ff - -  e) 

(11) 

with condi t ions  on the  l ead ing  edge of the tube 

if(O, ~ ) = l ,  e(O, ~)=e(ro)=--eo 

and on the wall  f o r  ~ = 1 

__Off = - - g ,  __Oe =0 .  (12) 
O~ d~ 

The p r o b l e m  (9)-(12) d i f fe rs  f r o m  the c o n s i d e r e d  p r o b l e m  of hea t  exchange  in a d i s soc i a t i ng  gas f lowing in 
a plane channel  [9] only by  i ts  s y m m e t r y .  

L e t  us f o r m  the  funct ion  fi = ~ - e ,  f o r  which we obtain an equat ion f r o m  (9)-(10):  

dr1 e o (1--. 2~ 2) = dull 1 dr1 (13) 
( 1 -  - -  + T 

w i t h  bounda ry  condi t ions  fl = 1 - %  f o r  ~ = 0, and ofl/O ~ = - g  fo r  ~ = 1. The solut ion of the  p rob l em (13) is 
equivalent  to the solut ion of the  hea t  conduct ion equat ion (10) with the condit ion q;0 = 0. To so lve  this t e m -  
p e r a t u r e  p r o b l e m  le t  us  go ove r  to  a L a p l a c e  t r a n s f o r m  in r 

- - .  - -  dZt~* -t- e~ (1--2~2) (l_~Z)(p@. 1 )=  1 ate*q_ -. (14) 

Denot ing the  solut ion of the  hom oge ne ous  equation by  q~(~, ez), we wr i t e  the c o m p l e t e  solut ion of (14) thus [10]: 

0 0 

h = ~2--1 + -e~ (1--2~2). (16) 
(Z 

w h e r e  
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The  homogeneous  equation is  s i m i l a r  to  the Whi t taker  equat ion [10] and has  the solut ion 

(p=exp ( l / ~ - g ~ )  (bo, 1, V ' ~ 2 ) ,  b o _ 2 - - V ~ -  - -  2 1F1 

Expanding go in a s e r i e s  shows that  this  is an en t i r e  funct ion of the  a rgumen t s  ~2 and ~ : 

~ = 1 - - a  ~ +  (a  a 2 ) ~ _  5~z 2 ~ +  a~ 8 
4 -  16- + ~ 9.6---4 16.6----~ + 0 (as)' 

The  coef f ic ien t  d is d e t e r m i n e d  f r o m  the  condi t ion on the  wal l :  

d =:- -- l~  [gP-l + g)' (l) ; ~-l~-~d~l ; ~ohd~+ eP-l (1) ; ~(phd~] (1) 
0 o o 

H e r e  r - go(l, a ) ;  go'(1) --- Ogo/O~ fo r  ~ = 1. 

The  va lue  of the wall  t e m p e r a t u r e  in the  t r a n s f o r m e d  plane is 

1 

~q~hd~ 
~*(1) gT(1) o'} 

p~' (1) ~' (1) 

Since ~* = _~-1 fo r  g = e 0 = 0, then 

We find [ l l l  

(17) 

(18) 

(19) 

1 

I' ~ephod~ 
6"(1)--  1 + g~(1) o , ho=  e_~o (1_2~2). (20) 

~ '  (1) ~' (1) 

OxF~ (b o, 7, V z~-) -- 1 ~ bo(bo+ I) . . .  (bo+k--1)ak/2 
0cr 2V'~, = ? ( ? + 1 )  . . .  ( '7+k---1)k!  % ~  

k 

k 1 Z ( b ~  
% -  V~- 

I=1  

Hence ,  we deduce  the  t e m p e r a t u r e  on the tube wall 

6(T, l ) = ~ ~  a~- l -e~  ~ b m exp(--%~z), 

1, V-~) - -  2+2V-~- 1F1 (bo, 2, V ~ ) ] ,  

1 
(b,, V, V a-) , (21) 

2 V~" 

(22) 

w h e r e  

a m = 1F~ (bo, l, V~m)/,m(a); 
l 

b m = - -  exp (1/~,~/2) .f ~ (1--2~ ~) (pd~/%~ ((z). 
0 

The  funct ion Sm(a) is  given by  (46) l a t e r .  The  s~m is t aken  ove r  the  roo t s  a(a > 0) of the  equat ion 

1F1 (bo, 1, 1/-~) 2 +  1/'~- 1F 1 (bo, 2, V ~ )  =0.  (23) 2 

In p a r t i c u l a r ,  we have  at  = 25.674; ~ = 83.847; ~3 = 174.16; a 1 = - 0 . 1 9 8 6 ;  a 2 = - 0 . 0 6 9 6 7 ;  a3 = - 0 . 0 3 6 5 2 ;  
b 1 = - 0 . 0 4 0 3 2 ;  b 2 = - 0 . 0 0 8 8 1 ;  b 3 = - 0 . 0 0 1 7 4 .  

Using (18) and the  expans ion  of the  funct ion go'(1), l e t  us ca l cu la t e  the  r e s i d u e s  of (20) mul t ip l i ed  by  
expp~" n e a r  the  pole  p = 0 of mul t ip l i c i ty  1 and 2, which yie lds  

11 l (24) 8 ~ (w) = 1 - - 4 T g -  - ~  g - -  ~ -  e o. 
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F u r t h e r m o r e ,  le t  us calculate  the t empe ra tu r e  of the tube walls taking account of excitation of the 
vibrat ional  gas energy at ~0 = 0. The solution of (13) for  the function f = f l (1-e0)  -1 reduces  to solving the 
t e m p e r a t u r e  problem (15), (19) using the substitution g'  = g (1 -e0) - l .  We deduce 

f*(~, a ) -  1 ~_ g'cp(~, a) (25) 
(z a (0(~/.0~)t= 1 

After  eliminating the vibrational energy by using fl, the equation for  the t empera tu re  (9) is 

(1--~)  0~ 1 0~ ~ 0 ~  
o~ = T o~ 0~ + ,o  (~ + b~ + fl (~, ~)) (26) 

under the conditions (11), (12). Here  b = b l - 1 .  The Laplace  t r an s fo rm  of (26) in ~ yields the equation 

d~# - ~ -  q ~1 d#* [p(l_~Z)_%b if*--[ ( 1 - ~ )  + ap~~ - % f : "  (27) 

Let us write the solution of the homogeneous equation [I0] 

(p ,=exp ( ] /a -  ) (b,, 1, 1 b*o+CZ - - T  ~ iF~ V ~  ~2), b , - -  (28) 
2 4 V~-  

The solution of the inhomogeneous equation (27) is given by (15) with (p replaced ~ and h by 

h, = ~2_ 1 + a% _,of~. (29) 

Since the walls a re  noncatalytic (12), then the express ion  for  the coefficient  d is given by (19) with the sub-  
sti tutions mentioned. 

The gas at the entrance is in thermodynamic equilibrium. Hence, fl + T + q~0(l-e0) = 0, where fi = b~b0, 
= a~ 0. Using the mentioned equality and the condition ~* = _~-i for g = 0, we find the wall temperature 

in the transformed plane 
! 

cr ' b (0q)/0~)~=~ 
o 

X ,F 1 (be, 1, ]/-~-) - -  lq- 2 V'a ] 

F i r s t  le t  us eMculate the developed t e m p e r a t u r e  distr ibution.  
which we obtain the expansions 

1F1 (br l, 1 /~  -) = h  o~-h  1V~--~hucr . . . .  

A (b,, 2, V ~ )  = fo + f ~ V ~ +  s  -~ . . . .  

where  in par t i cu la r  

Le t  us find the res idues  at the pole ~ = 0, fo r  

(31) 

ho([5) = Jo (V~), hi = ho/2, (32) 

fo=2~-'/2J~ (V-~-), f~=[~-1/2 [J i (V~) -2~ j-'/2J, (V~-)] �9 

Le t  H i denote the second and H 2 the third m e m b e r  in (30) and let  us establish the i r  behavior  near  the pole 
= 0. We obtain the expansion needed 

n o +  , 
(c~-*0) 

where  ~ = 0 .5 - f l fo  1, az = h2h~ 1-h~h~ 2 + fl(2fo)-t-fzf~ 1. 

To obtain ~ :  (~, ~), le t  us expand the functions go, ~ in a se r i e s  in ~: 

~, (~, g) = ho (g, 13) + h~ (13, g) - -  T ho (g, ~) ~ + 0 (~),  (34) 
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Let  us fo rm 
1 

S 1 ~,~d~ = V F  J' (VP-)+  ~s + 0(~) .  (35) 
0 

1 

Remarking that ~ t~d~ = 0.5f2(a), we obtain f rom (34) 
0 

= -~  + ~ -  ~ ( - ~  4(3~_n)+~--~n . (36) 
n = 0 , 1  . . . .  

We hence find the needed expansion 

V]~ = 8g ~ - ' , e j ~ ( V ~ - ) + a ~ + O ( a ~  ) (37) 
~-.o) bfdz~ " 1 + ~Xo + 0 (a~) ' 

19 {_ I ( l _ _ f a )  ~f~+2f, (38) 
Z0 96 2 -  k 2 ~o / + Pfo 

Multiplying H i and 1] 2 f rom (33) and (37) by expp7 and evaluating the res idues  at the pole ~ = O, we der ive 
an expression for  the asymptotic wail t empera tu re  (~- >> 1) 

z -~ s~(V-r V-r162 ~ (39) 

Substituting (36) and (38) into (39), we notice that the function f2(/3) is eliminated. We der ive  

[ 1-- #o (~)] g-~ : c~ --  4~b -~, 

1 [  ]/~- ~ (--1)n+x~P ( 1 1 ) 19 8 
G =  ~ 2J1 (V~-) ,=o ~(-~!) ~ : 4(3-+n) ~-2--~n -+-2-4 

16 Jo ( V ' ~ - ) ( 2 - - ~ ) ]  Jo (V-~-) 
+ -~ -~ V~sl (,/~) v-Csl (V-C) 

(4o) 

(41) 

The undeveloped wall t empera tu re  distribution is given by the formula  &(7) = ~0 + $1(1.), where Olb-) is de te r -  
mined by the sums of res idues  of the expressions (H i + II2) • exp p~ over the roots a, a0(~, ~0 > 0) of the equa- 
tions 

~F a (b,, I, ] / -~ - ) -  ( 1 +  a+_~2 ~f~-] ~ xF~ (br 2, ]/-~-) =0, (42) 

obtained by equating the denominators of II 1 and II 2 in (30) to zero.  The solution for  the wail is writ ten as 

_ _ _ _  4T ~ 1-- ~ (~) = c~ --  + [a,~ exp (--. ccm'O + a~ exp (-- a~ ) ] ,  (44) 
e -b- ,.=~ 

where  
l 

1F1 (b,, I, V ~ )  § ~ o ; 

}( [ ( ) ]/-' o = 1Fl(b,, 1, ] / - ~ ) - -  1+ 2Va-----~ ' a m (p,~d~ exp ] / '~  ]/-~ ap,~ (a ~ a~ + ~ 1F1 (b,, 2, V-T) " 

cr __a-----~ xF l (b , ,  2, V a ' ) - -  1+ ~ V  ~_ , @m = -~- (I)(b,, 1, V-a-) 2a _. 

a [ 1 2+ V~- (D (bo, 2, ]fla-)] ; , ~  = -~  r (bo, 1 V ~ )  - - ~  ~F~ (bo, 2, V~-) 2 

o~ 

(I)(b, V, ]/:~-)= Z b ( b + l ) . . .  ( b + k - - 1 )  a k/2 
k=l ?(7+1) . . .  ( V + k - - 0 k !  q)k(b); 

(45) 

(46) 
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4,0 

2,0 
: .55 .~: 

/ 
a2 O,4 ~ 0,8 T 

Fig. I 

40, __ ~ , -12 \ 

0 0 02 0,4 O.O 0,# T; 

F i g .  2 

Fig. I. Dimensionless temperature of a tube wall without taking account 
of vibrational relaxation for different intensities of heat evolution due to 
internal friction and the work of pressure forces. 

Fig. 2. Dimensionless temperature of a tube wall for different values of 

the reaction rate constant for excitation of molecule vibrations and the an- 
gular coefficient b: I)/~ = -0.2; 2) -5; 3) -70. 

k 
k ab 

r V ~  - ' v 2 V a  ~ a  ( b i - l - - 1 ) - L  
t = i  

F o r  b r e v i t y  t he  s u b s c r i p t  m is  o m i t t e d  in (45) and (46). 

The  d i s t r i b u t i o n  of t he  d i m e n s i o n l e s s  wal l  t e m p e r a t u r e  ( 1 - ~ ) g  -1 ob ta ined  by  (22) is  g i v e n i n  F i g .  1 as  
a func t ion  of the  c o o r d i n a t e  ~- and the  r a t i o  e 0 / g c h a r a c t e r i z i n g t h e h e a t  to  i n t e r n a l  f r i c t i o n  and the  w o r k  of 
the  p r e s s u r e  f o r c e s .  E x c i t a t i o n  of m o l e c u l e  v i b r a t i o n s  is  not  t a k e n  into  accoun t  h e r e .  The  d e p e n d e n c e  
[1 -~f i - ) ]g - i  c o m p u t e d  b y  m e a n s  of (40)-(46) is  shown in F i g .  2 f o r  d i f f e r e n t  va lue s  of t he  p a r a m e t e r s  ~ and 
b c h a r a c t e r i z i n g  the  n o n e q u i l i b r i u m  r a t e  of t he  e x c i t a t i o n  and r e l a x a t i o n  p r o c e s s e s  f o r  m o l e c u l e  v i b r a t i o n s .  
T h e s e  p r o c e s s e s  a r e  exc luded  f o r  b = - 1 .  As  the  r a t e  of e x c i t a t i o n  g r o w s  (lfil ~ p2 g r o w s ) ,  the  wal l  t e m -  
p e r a t u r e  is  r e d u c e d  n o t i c e a b l y .  

N O T A T I O N  

bl  
b = b 1 - 1 ;  b 0 = ( 2 - ~ - a ) / 4 ;  be = 1 / 2 - ( f l  + a ) / 4 ~ / a ;  

D22, D12 
e = e /p0cp(T s -  To) 

= ( 7 - 1 ) 0 / T 7 0 0  (exp (0/T) - 1); 
E D  
E 

f l  = 3 - e ,  f = f ~ ( 1 - e 0 ) - i ;  
lfl~(b, 7, x) 
G 

G 
g = GR/X(Ts-T0); 
P 

P 
R 
0 _ < r _ < R ;  
T 
T O _< T _< Ts ;  
To 
T s 
(Ts- -T0)T~I  =~ 00 _<: 0.25; 
U 

u m 

is the angular coefficien~ of ~he approximation (8); 

a r e  c o e f f i c i e n t s  of s e l f  and m u t u a l  d i f fus ion;  
is  the d i m e n s i o n l e s s  v i b r a t i o n a l  e n e r g y ;  

i s  the d i s s o c i a t i o n  e n e r g y  of a m o l e  of ga s ;  
is  the e n e r g y  of the m e a n  m o l e c u l e  l eve l  at which  a t o m s  

r e c o m b i n e ;  

is  a d e g e n e r a t e  h y p e r g e o m e t r i c  funct ion;  
i s  the e n e r g y  of the m e a n  m o l e c u l e  l eve l  f r o m  which  

d i s s o c i a t i o n  o c c u r s ;  
is  the hea t  f lux d e n s i t y  at the wa l l ;  

is  the p r e s s u r e ;  
is  the v a r i a b l e  in the  L a p l a c e  t r a n s f o r m ;  
i s  the tube r a d i u s  

i s  the t e m p e r a t u r e  in the tube;  

i s  the t e m p e r a t u r e  at  the channe l  e n t r a n c e ;  
i s  the p r e v i o u s l y  s e l e c t e d  t e m p e r a t u r e ;  

is  the l ong i tud ina l  v e l o c i t y ;  
is  the m e a n  v e l o c i t y ;  
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X 

a = - P ;  f l=b~0;  l ' = C p / C v ;  

e o = 16M2Pr(1"-l)0~'t; 
k 

~ = ( T s - T ) / ( T s - T o ) ;  d* = dexp(-p~')d~-; 
% 
7 = x / 2 R P r R e ;  ~ = r /R ;  Le = P r  = CpX-t~; 
Re = pumR~ -1 

Jn  

Sc = ~/PD22 ; 

is the coordinate  along the tube; 

is the v ibra t iona l  energy  of a unit volume; 

is the coefficient  of heat conduction of the gas; 
is the veloci ty;  
is the mo lecu l a r  weight; 

is the v ibra t ional  re laxat ion t ime; 

is the Reynolds number  taken for  mean values of 
the t e m p e r a t u r e  and p r e s s u r e  is the channel; 

is the Besse l  function. 
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